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A first principle one-dimensional (1-D) dynamic model for tubular solid oxide fuel
cell (SOFC) is developed. To convert the distributed model into a control relevant non-
linear state space model, an approximate analytical solution for reacting gas-flow
problem is proposed, and applied to the 1-D SOFC dynamic model. Compared to nu-
merical solutions, the proposed solution can significantly reduce requirements in com-
putation, and thus, facilitate dynamic simulations and control applications. Distributed
dynamic relations between current density and electromotive force (EMF) are investi-
gated. Diffusion, inherent impedance, primary flow, heat transfer, and internal reform-
ing/shifting reaction are considered simultaneously. Dynamic responses of the inter-
ested variables when external current, fuel and air inlet streams are perturbed by step
changes are investigated through simulations. � 2008 American Institute of Chemical Engi-

neers AIChE J, 54: 1537–1553, 2008
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flow

Introduction

With recent significant progress of SOFC prototype stacks,
dynamic operation and control problems become increasingly
important and, as a result, dynamic properties of SOFC stack
need to be modeled and investigated. Advanced SOFC sys-
tem configurations also need better understanding of SOFC
dynamic characteristics to ensure system stability and operat-
ability.

Dynamic modeling of SOFC originated from the lumped
parameter assumptions.1–5 Lumped models are simple enough
in control relevant application, but may lead significant errors
in presenting SOFC dynamics. For more accurate descrip-
tions, distributed models were usually adopted.6–9 Although
some previously developed distributed model were built in

the dynamic form, dynamic properties of SOFC have not
been their focus.7–9

To build a suitable model that is accurate enough and use-
ful for dynamic simulation and control, our previous work
started by examining the dynamics induced by diffusion and
inherent impedance.10 Then in a finite volume of SOFC, we
investigated and modeled dynamic effects from surrounded
transport processes to the cell, and investigated the local
dynamic properties through simulation.11 Effects, such as
radiation and enthalpy change led by mass exchange, etc.
that was neglected before were also carefully considered and
modeled.

In this article, we will extend our previous dynamic model
from the finite volume to a complete tubular SOFC, considering
dynamics distributions, such as current density, temperature,
and mole fractions, etc., along the flow direction. The resultant
1-D dynamic model consists of a set of partial differential equa-
tions (PDEs) dependent on both time and axial position.

However, a complex 1-D dynamic model described by a
set of PDEs is not suitable for general control applications.
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In a typical online control application, PDEs may need to be
solved in every control interval. The distributed dynamic
model developed may have heavy computation demands, and
may not be suitable for online applications. In addition, the
PDE form of the model creates more complexity in control
design. The common practice to convert PDEs to ODEs is
through numerical discretization. However, this will result in
a very large set of ODEs. For example, numerical simulation
of 1-D model developed by Iora et al., needs to solve 12,500
nonlinear equations simultaneously.9

Instead of relying on numerical solutions, we will consider
a novel approach to solving the 1-D problem with consider-
ably less requirements in computations as introduced next.

An 1-D dynamic model of a physical system is usually
shown as

@m1
@t

¼ � @h1ðmÞ
@z

þ f1ðmÞ
@m2
@t

¼ � @h2ðmÞ
@z

þ f2ðmÞ

..

.

@mn
@t

¼ @hnðmÞ
@z

þ fnðmÞ

Obviously, the analytical solution of the above PEDs is most
desirable for the purpose of control applications or even for
dynamic simulations. However, it is very difficult, if not
impossible, to solve the nonlinear nonhomogeneous PDE
array explicitly. Instead, we will find an approximated ana-
lytical solution, and then convert the 1-D model into the con-
trol relevant ODE form of

dm1
dt

¼ g1ðm; zÞ
dm2
dt

¼ g2ðm; zÞ

..

.

dmn
dt

¼ gnðm; zÞ

(1)

where vi represents physical variables, m 5 [m1 m2 ��� mn]0, and z
is the location along the flow direction.

This solution is attractive in the sense that simple substitu-
tion of position z into the model results in dynamic descrip-
tion at corresponding point. It does not need to integrate all
PDEs all the way from the entry to exit in order to get the
dynamics at point z; thus, the proposed strategy can signifi-
cantly reduce computation efforts. These ordinary differential
equations (ODEs) form a nonlinear statespace model (SSM),
as function of z.

An approximated analytical solution for general 1-D react-
ing gas-flow problem is derived in this article. The result is
then applied to the fuel and air flow in the SOFC stack and
forms a semianalytical 1-D dynamic nonlinear state-space
model. By means of dynamic simulation, distributed dynamic
properties of SOFC are investigated through the step
responses of each interested variables.

1-D Dynamic Modeling of SOFC

Brief introduction to tubular SOFC

The tubular SOFC stack consists of hundreds of cell com-
posites. Each composite consists of two tubes, SOFC cell
and alumina air injection tube. The cell is an air-electrode-
support (AES) tube, onto which the electrolyte is deposited,
followed by the anode in the outer surface. Fuel gas is
injected from the close end of composites, and flows over an-
ode surface through channels formed by composites. Pre-
heated air is injected from the injection tube to the bottom of
the cell, then turning around and flowing over the cathode
surface through the gap between the cell and the injection
tube, as shown in Figure 1.

Reactants diffuse away from primary flows, pass through
porous electrodes, and reach reaction sites, where they partic-
ipate in the electrochemical reaction and produce current.
The electromotive force (EMF) is established between the
anode and the cathode reaction sites, as shown in Figure 2.

Electricity

Voltage Output. The electromotive force (EMF) in the
SOFC is established through electrochemical reactions at tri-
ple-phase boundaries(tpb):

Figure 1. Tubular SOFC stack design.

Figure 2. Secondary flows of reactant and electro-
chemical reactions.
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H2 þ O2� ! H2Oþ 2e�

1

2
O2 þ 2e� ! O2�

or

COþ O2� ! CO2 þ 2e�

1

2
O2 þ 2e� ! O2�

Because how CO and H2 compete the reaction in the tpb is
not clear in the following modeling process, CO is assumed
not to participate in the electrochemical reaction.

The EMF is affected by temperature T and reactant partial
pressures in the immediate vicinity of triple phase boundary
(tpb) ptpb, and reduced by the activation loss gact

10

E ¼ E0 þ RT

2F
ln

ptpbH2
ptpbO2

1
2

ptpbH2O

0
@

1
A� gact (2)

Because we assume that no axial diffusion occurs in the cell,
a local EMF is, therefore, independent of the EMF of the
neighboring sections, and the distribution and dynamics of
the EMF is, thus, determined by distributions of factors dis-
cussed earlier.

Due to the existence of inherent resistance and double layer
capacitance, EMF is also dynamically deducted by the voltage
drop on the intrinsic impedance of the SOFC. The effect was
emulated by an equivalent circuit as proposed in Qi et al.10 In
this equivalence, the ionic resistance of the electrolyte and
charge transfer resistances of the electrolyte-electrode interfa-
ces are concluded by an single resistance Rct. The resistances
lies between the two electrodes, which form a capacitor Cct.
The pure Ohmic resistance of the two electrodes is represented
by Ro. The dynamic behavior of the local voltage is then mod-
eled through the equivalent circuit as

_Vct ¼ 1

qRct
qCct

E� 1

qRct
qCct

Vct � 1

qCct

i

Vout ¼ Vct � qRo
i

(3)

where i is the local current density, qRct the specific resist-
ance of Rct, qRo the specific resistance of Ro, and qCct the
specific capacitance.

Current Density. Current density distribution is deter-
mined by the total current demand I and the distribution of
EMF. Their relations can also be determined through the
equivalent circuit approach.

Due to the large electrical conductivity of the interconnec-
tor beam, the voltage output Vout measured on the connector
beam can be assumed uniform, and the equivalent circuit of
the whole tube can be seen as a combination of N equivalent
circuits of N sections,10 as shown in Figure 3.

For this equivalent circuit, we have the following relations

Vct;1 � Ro;1I1 ¼ Vct;2 � Ro;2I2

Vct;2 � Ro;2I2 ¼ Vct;3 � Ro;3I3

..

.

Vct;N�1 � Ro;N�1IN�1 ¼ Vct;N � Ro;NIN

(4)

and
I ¼ I1 þ I2 þ � � � þ IN

Totally N equations exist for the N unknown subcurrents
Ii; Ii can then be solved from the equations.

The solutions of Ii are functions of I, Ro,i and Vct,i. Assum-
ing that Ro,i’s are the same, and N ? 1, Ii then converge to
the local current, and can be expressed as local current den-
sity

i ¼ Vct � �Vct

qRo

þ I

2pr3L
(5)

where Vct is the average potential of the whole tube, and L
the length of the tube.

Diffusion

Reactants must be transported from primary flows to reac-
tion sites to participate in the electrochemical reaction, as
shown in Figure 2. Depending on the total effective diffusion
coefficient and effective diffusion thickness, these processes
was modeled dynamically by Qi et al.10

€jsH2
¼ �h1j

s
H2

� h2 _j
s
H2

þ h1
1

2F
� iþ h3 _Cb

H2

€jsO2
¼ �o1j

s
O2

� o2 _j
s
O2

þ o1
1

4F
� iþ o3 _Cb

O2

€jsH2O
¼ �w1j

s
H2O

� w2
_jsH2O

� w1

1

2F
� iþ w3

_Cb
H2O

(6)

and

€ptpbH2
¼�h1p

tpb
H2

� h2 _p
tpb
H2

� h4
RTcell
2F

� i� 4

la

RTcell
2F

� _iþ h1p
b
H2

€ptpbO2
¼�o1p

tpb
O2

� o2 _p
tpb
O2

� o4
RTcell
4F

� i� 4

lc

RTcell
4F

� _iþ o1p
b
O2

€ptpbH2O
¼�w1p

tpb
H2O

�w2 _p
tpb
H2O

þw4

RTcell
2F

� iþ 4

la

RTcell
2F

� _iþw1p
b
H2O

(7)

where la and lc are anode and cathode side diffusion layer
thickness respectively; coefficients h1;4, o1;4 and w1;4 are
functions of diffusion coefficients and diffusion thicknesses.
The local current density i determines the local reactant con-
sumption rates: i 5 2FjrH2

5 22FjrH2O
5 4FjrO2

.

Figure 3. Equivalent circuit of SOFC tube.
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Solid-phase temperature

Cell Temperature. Reactants diffuse into the solid-phase
cell, and produce electrical energy through the electrochemi-
cal reactions. The energy conversions affect the temperature
of the cell, and consequently heat exchanges with the sur-
rounding flow bodies, due to temperature differences, through
convection and radiation. Because the endothermal reforming
reaction takes place in the surface of anode, it also affects
the cell temperature significantly.

The conductivity and the cross-section area of solid cell are
relatively small; the heat flow due to conduction along the axial
direction within the cell is, therefore, small, compared to that
along the radius direction. Consequently, dynamic effects due to
the conduction along the axial direction can be neglected.11

Assuming that the reforming reaction occurs at the surface of
the electrode, the energy balance for a small slice of cell is

dEcell

dt
¼ ½ðJiH2

� JeH2
ÞHH2

þ ðJiH2O
� JeH2O

ÞHH2O þ JiCH4
HCH4

� JeCOHCO� þ JsO2
HO2

� Ee � qconv � qrad ð8Þ
where Ji represents H2, H2O, or CH4 that diffuse into the elec-
trode from the fuel feed, and Je represents products returning
to the fuel channel, due to reforming and electrochemical reac-
tions inside the cell. The terms in the square bracket represent
the net enthalpy change associated with reactant moving in and
out of the anode, JsO2

HO2
is the enthalpy carried by O2 diffus-

ing to the cell from the air channel. Ee is the electrical energy
that the cell supplies to the external load, and qconv and qrad are
the heat flow due to convection and radiation heat transfer,
respectively.

By using the species mass balance around the cell, and
considering the reforming reaction at the surface of the elec-
trode within the cell, the energy balance (Eq. 8) can be rear-
ranged and simplified to yield the result of Qi et al.11

dqcellCp;cellTcell
dt

¼ JsH2
HH2

þ JsO2
HO2

þ JsH2O
HH2O � Ee

� qconv � qrad � qref ð9Þ

Here Js represents reactant flows that diffuse to tpb to partici-
pate in the electrochemical reaction, and qref 5 rref � DHref

the ehthalpy change associated with the reforming reaction.
Converting the mass flow to flux, the dynamic local cell

temperature model is

dTcell
dt

¼ 1

qcellCp;cell
� 1
r�3

� ½jsH2
HH2

jTfuel
þ r2
r3

� jsO2
HO2

jTair þ jsH2O
HH2OjTcell

� ðVct � qRo
lRo

� iÞi� haðTcell � TfuelÞ � r2
r3

� hcðTcell � TairÞ

� r2
r3

� r
Rrad

ðT4
cell � T4

tubeÞ � rref � DHref � ð10Þ

where qcell and Cp,cell are the density and the heat capacity
of the cell, respectively, r2 and r3 are the inner and outer ra-
dius of the cell, and r�3 ¼ ðr23 � r22Þ=ð2r3Þ.

Injection Tube Temperature. The injection tube is a pas-
sive component in the heat-transfer process. It exchanges
heat with air flows through forced convection, and is heated

by the cell through radiation. The dynamics, thus, can be
modeled following the similar procedure shown previously

dTtube
dt

¼ 1

qtubeCp;tube
� 1
r�1

� ½�hcðTtube � TairÞ

� r0
r1

� htðTtube � TinjÞ þ r2
r1

� r
Rrad

ðT4
cell � T4

tubeÞ� ð11Þ

where qtube and Cp,tube are the density and the heat capacity
of the injection tube, respectively, r0 and r1 are inner and
outer radius of the injection tube respectively, and
r�1 ¼ ðr21 � r20Þ=ð2r1Þ

Fuel Flow

In the tubular SOFC stack that we consider, fuel gas is
pre-reformed methane, consisting of CH4, H2O, H2, CO, and
CO2. The fuel temperature, velocity and species concentra-
tions etc., are distributed along the flow channel, because of
mass, heat and momentum exchange through secondary flow
and the reforming/shifting reaction. The dynamics of fuel
flow can be described by 1-D equation of continuity, the
equation of energy and the equation of motion.

Concentrations. Reforming and shifting reactions gener-
ate H2, CO and CO2 from methane and steam

Reforming : CH4 þ H2O Ð 3H2 þ CO

Shift : COþ H2O Ð H2 þ CO2

The reforming reaction is assumed to occur at the surface of
anode. Based on the methane consumption rate, the reform-
ing rate is experimentally determined as12

rref ¼ �rCH4
¼ Krp

a
CH4

pbH2O
exp � Er

RTfuel

� �
(12)

where Kr is the rate coefficient, Er is activation energy, and
a, b are order coefficients for methane and steam respec-
tively.

The shifting reaction is assumed to occur in the fuel bulk.
Usually it is considered to be fast, and the rate is approxi-
mated through the equilibrium coefficient11

rsft ¼ Ks½pCOpH2O exp
4276

Tfuel
� 3:961

� �
� pCO2

pH2
� (13)

where Ks is the rate coefficient.
Converting species dynamic models11 for a finite volume

of SOFC to the whole length of the cell, the 1-D species
dynamic models are

@CCH4

@t
¼ � @

@z
ufuelCCH4

� 1

r�
� rref

@CH2O

@t
¼ � @

@z
ufuelCH2O � 1

r�
� rref � 1

r�
� rsft � 1

r�
� jsH2O

@CH2

@t
¼ � @

@z
ufuelCH2

þ 3 � 1
r�

� rref þ 1

r�
� rsft � 1

r�
� jsH2

@CCO

@t
¼ � @

@z
ufuelCCO þ 1

r�
� rref � 1

r�
� rsft

@CCO2

@t
¼ � @

@z
ufuelCCO2

þ 1

r�
� rsft ð14Þ
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where r� ¼ 4�p
2p r3 is geometry fitness parameter, and ufuel the

local fuel velocity.
Temperature. The fuel temperature is affected by several

factors: reforming and shifting reactions, enthalpies that are
carried by reactant fluxes, and heat transferred from its sur-
roundings, etc. The effect of kinetic energy can be neglected
due to low velocity and low density.

So the 1-D temperature dynamic model is converted from
the dynamic fuel temperature model11

@

@t

X
ðCiCp;iÞ � Tfuel

� �
¼ � @

@z
ufuel

X
ðCiHiÞ

� �
� 1

r�
� jsH2

HH2
� 1

r�
� jsH2O

HH2O � 1

r�
� haðTfuel � TcellÞ

þ 1

r�
� rref � DHref ð15Þ

where Ci’s are concentrations of each species in the fuel gas,
Cp,i their specific heats at constant pressure, and Hi enthalpy
of formations.

Velocity. The flow velocity determines space time in the fuel
channel and affects the heat transfer coefficient; thus, it is the
dominant factor that affects concentrations and the temperature.

In the fuel channel, the reforming/shifting reactions, and
the electrochemical reaction induce pressure gradient, and,
thus, affect forces acting on the primary flow and, conse-
quently, the velocity. Because the density of gas-flow is
small, the pressure gradient that will produce forces to accel-
erate the gas-flow body to reach a equilibrium velocity is
very small. The pressure distribution, therefore, can be
assumed uniform along the channel, and this assumption will
be used in the later discussion for analytical solution.

In addition, due to the electrochemical reaction, some H2 in the
fuel flow is exchanged by H2O through secondary flow, leading
density change, thus, the velocity change. The effect of friction is
minor and can be neglected because of the small viscosity of fuel.

The dynamic behaviors of flow velocities were modeled in
the 1-D form

@

@t

X
ðCiMiÞ � ufuel

� �
¼ � @

@z

X�
CiMi � u2fuel

�� �
� 1

r�
� jsH2

MH2
ufuel � @Pfuel

@z
ð16Þ

where Mi’s are mole masses of each species.

Air flow

Air is injected to the bottom of the cell tube, and then turns
around and goes through the gap formed by the cell and the
injection tube. So airflow is divided into two sections. In the
cathode channel, air is coflow with fuel, and O2 diffuses into
the cathode. In the injection channel, air is counterflow relative
to the fuel-flow, and no reaction or secondary flow occurs.

Cathode Channel Air Flow. We assume that air consists
of N2 and O2 only. N2 is not involved in any reactions, and
only O2 diffuses into the cell to participate in the electro-
chemical reaction. The airflow exchanges heat with the cell
tube and the injection tube, respectively, and affects the ve-

locity. The 1-D species dynamics, temperature dynamics and
velocity dynamics are

@CN2

@t
¼ � @

@z
uairCN2

@CO2

@t
¼ � @

@z
uairCO2

� 1

r�2
� jsO2

ð17Þ

@

@t

X
ðCjCp;jÞ � Tair

� �
¼ � @

@z
uair
X

ðCjHjÞ
� �

� 1

r�2
� jsO2

HO2

� 1

r�2
� hcðTair � TcellÞ � 1

r�2
� r1
r2

� hcðTair � TtubeÞ ð18Þ

@

@t

X
ðCjMjÞ � uair

� �
¼ � @

@z

X
ðCjMj � u2airÞ

� �
� 1

r�2
� jsO2

MO2
uair � @Pair

@z
ð19Þ

where r�2 ¼ ðr22 � r21Þ=ð2r2Þ is the geometry adjustment param-
eter, Cj’s are concentrations of N2 and O2, Cp,j their specific
heat, Hj their enthalpy of formations, and hc the cathode side
heat-transfer coefficient, which is affected by the velocity.11

Injection Channel Airflow. In the injection tube, except
for the primary flow, the airflow only exchanges heat with
the tube; no other transport processes occur. The flow direc-
tion is opposite to the axial direction, as shown in Figure 1.
In the 1-D modeling, the location of the airflow in the injec-
tion channel is represented by y instead of z. They have the
relation y 5 L - z.

We are only interested in the temperature dynamics for the
airflow in the injection tube. Species concentrations and the
velocity are assumed to be the same as that at the inlet. The
temperature can then be modeled by

Cin
airCp;air � @Tinj

@t
¼ �uinairC

in
air �

@Hair

@y
� r0

2
� htðTinj � TtubeÞ (20)

where Cin
air is the air concentration at the inlet, Cp,air the air

specific heat at constant pressure, uinair the input velocity, and ht
the heat-transfer coefficient, which is affected by the velocity.

Approximate Analytical Solution

An 1-D dynamic model is usually solved through numeri-
cal methods. The fundamental approach of numerical meth-
ods is discretization of the continuous model. Employing nu-
merical methods, the number of equations to be solved
increases quickly. For a complex system, such as SOFC,
over twenty variables are modeled in the form of nonlinear,
non-homogeneous PDEs. This results in heavy computations
if numerical approaches are adopted. Therefore, numerical
methods may not be suitable for certain real-time applica-
tions, such as control applications.

In control applications, to meet online computation require-
ment, the system model is often simplified. Fast dynamics can be
approximated by steady-state solution;9 nondominant dynamic
variables may be neglected;3 distributed parameter system can be
lumped to give a set of ordinary differential equations.13 The
objective is to reduce the computation requirement. However,
these simplifications unavoidably induce largemodel errors.

Clearly, an analytical solution can satisfy both speed and
precision requirements. However, it is very difficult, if not
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impossible, to find exact analytical solutions for those nonlin-
ear, non-homogeneous and coupled PDEs, such as the 1-D
dynamic model of SOFC. In this section, aiming at solving
the 1-D reacting gas-flow problem, we attempt to develop an
approximated analytical solution that can balance the speed
and precision requirements.

Problem description

Analysis in the previous section has shown that the model
of SOFC mainly consists of two parts: the nonflowing phase
part and the flowing phase part. Parameter distributions of
nonflowing phase also depend on that of the flowing phase.
In the SOFC stack that we are considering, the flowing phase
consists of three primary flow bodies: fuel-flow, airflow in
the cathode channel, and airflow in the injection tube. The
fuel-flow is the most representative one, and it is used as an
example for the 1-D reacting gas-flow problem in the follow-
ing development.

Within the primary flow, the mixed gases are reacting. So
concentrations of each species are not constant along the
flow channel, and the total concentration is affected by the
reaction. Simultaneously, the primary flow exchanges heat
with the wall of the flow channel. The change of the gas-
phase temperature, thus, leads to pressure change. The pres-
sure gradient induced by the reaction and the temperature
significantly affects the primary flow velocity. Through the
secondary flow, H2 in the primary flow body gradually
changes to H2O. The density of the mixture is thus changed.
This in turn affects the primary flow velocity.

A flow body can be described by three distributed varia-
bles: concentrations, energy, and velocity. Their dynamic
behaviors can be modeled by several PDEs, as shown by Eq.
14, 15 and 16. In general, the dynamic 1-D model for a
reacting gas flow can be written as

@Ci

@t
¼ � @

@z
ðuCiÞ þ A

..

.

@

@t
CCpT ¼ � @

@z
ðuCHÞ þ B

@

@t
CMu ¼ � @

@z
ðCMu2Þ � @P

@z
þ C

(21)

where C is the total concentration, u the velocity, H enthalpy
of formation, T the temperature, and A;B; C combinations of
nonhomogeneous terms, respectively.

Strict analytical solution for this model is beyond our
scope. We shall derive an approximate solution in the form
of Eq. 1.

Assumptions

As we have analyzed before, the 1-D reacting gasflow has
the following characteristics:

� Reaction leading to total mole number change;
� Heat exchange leading to temperature change;
� Momentum change;
� Constant flow area;
� Frictionless;
� Velocity lower than 0.3 Mach.

Obviously, gas-phase fluid is compressible, especially
when considering its dynamics. However, the knowledge of
gas dynamics also shows that when the flow velocity is lower
than 0.3 Mach, gas can be assumed incompressible.14 That
is, for the gas-phase fluid, its pressure can be assumed uni-
form along the flow channel if we neglect the friction, as we
discussed previously. Numerical simulations from the
detailed model shown by Eq. 21 support this assumption.9

So, according to the law of mass conservation, the velocity
is distributed due to the mole number change led by the reac-
tion. In this case, the velocity is mainly determined by the
continuity. The effect of momentum change is minor and
may be neglected. Gas dynamics also shows that the
dynamic response of velocity to inlet disturbance is very fast.
The state changes only occur within a very thin layer named
shock wave. The shock wave moves fast, in the sonic
speed.14 So, with the condition that the flow channel is not
long, the velocity dynamics can be neglected. Therefore, in
order to develop the analytical solution, we make the follow-
ing assumptions:

� Gas-phase flow is incompressible;
� Pressure along the flow channel is uniform;
� Velocity is distributed due to reaction;
� The effect of density change can be neglected;
� Velocity dynamics can be neglected.

Approximated analytical solution

Velocity. Since velocity is the dominant variable of the
fluid, and it is considered at steady state, the key to obtaining
an approximate analytical solution starts from the solution of
the velocity.

For the fuel-flow, continuity equations are shown in Eq.
14. Dividing them by the total concentration C, concentra-
tions of each species can be converted to mole fractions

@vCH4

@t
¼ � @

@z
ufuelvCH4

� 1

r�
� 1
C
rref

@vH2O

@t
¼ � @

@z
ufuelvH2O

� 1

r�
� 1
C
rref � 1

r�
� 1
C
rsft � 1

r�
� 1
C
jsH2O

@vH2

@t
¼ � @

@z
ufuelvH2

þ � 1
r�

� 3
C
rref þ 1

r�
� 1
C
rsft � 1

r�
� 1
C
jsH2

@vCO
@t

¼ � @

@z
ufuelvCO þ 1

r�
� 1
C
rref � 1

r�
� 1
C
rsft

@vCO2

@t
¼ � @

@z
ufuelvCO2

þ 1

r�
� 1
C
rsft ð22Þ

Summing them up yields

@

@t

X
vi ¼� @

@z
ufuel

X
vi þ

1

r�
� 2
C
rref � 1

r�
� 1
C
jsH2O

� 1

r�
� 1
C
jsH2

(23)

Note obvious identities

X
vi ¼ 1;

d1

dt
¼ 0; and

d1

dz
¼ 0

For SOFC, we have jsH2
5 2jsH2O

.
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Substituting these equations into Eq. 23, and rearranging
gives

dufuel
dz

¼ 1

r�
� 2
C
rref

B:C:

ufuel ¼ uinfuel; at z ¼ 0

C ¼ Cin; at z ¼ 0

rref ¼ rinref ; at z ¼ 0

(24)

This result shows that the velocity distribution depends on
the reaction rate in SOFC anode fuel flow.

Since the distribution of rref and the total concentration
C are affected by other variables and are not constants,
direct integration of ufuel is not possible. The velocity at
location z can be integrated approximately from Eq. 24,
using different approximation methods, such as the Trape-
zoidal approximation, according to preknowledge of the
rref profile.

With the approximated solution for steady-state velocity at
location z, we avoid the need of the equation of momentum
balance.

Decoupling. Due to the terms of concentrations, the tem-
perature and the velocity affect each other. For a gas-flow,
the equation of continuity, the equation of energy, and
the equation of motion are coupled, as shown by Eq. 21.
They should be decoupled in order to find the analytical
solution.

Physically, although reactions and the mass transfer within
secondary flow affect concentrations of each species, they
are dominated by the primary flow itself. That is, the equa-
tion of continuity is dominated by the term @

@z ðuCiÞ. So in
solving the continuity equation, we can assume that other
factors, such as temperature are constant.

For the energy equation, the temperature is dominated by
flow velocity and energy exchanges. The change of concen-
tration actually has only minor effects on the dynamic
response process. It does not affect the terminal temperature
value. So concentration in the energy equation can be seen
as constant.

With these two assumptions and the velocity equation
developed previously, the equation of continuity, and the
equation of energy can be resolved independently. This is the
principle behind decoupling in the following derivation.

Analytical Solution. In general, the 1-D dynamic reacting
gas-flow model can be simplified to the form of

@m
@t

¼ �a � u � @m
@z

� b � m� c;

Assume: u ¼ Aþ B � z
With

B:C: : m ¼ min at z ¼ 0;

I:C: : m ¼ m0 at t ¼ 0;

(25)

where m is the interested physical variable, u the velocity,
and a, b, c, A and B coefficients.

Performing Laplace transform to the PDE in terms of time
t, it can be converted to an ODE

sm� m0 ¼ �a � u � @m
@z

� b � m� c

u ¼ Aþ B � z
B:C: : m ¼ min at z ¼ 0

(26)

where s is the Laplace operator.
The ODE shown in Eq. 26 can be analytically solved

sm� m0 ¼ �bm� cþ ½bmin þ cþ ðsmin � m0Þ� � 1þ B

A
� z

� ��bþs
aB

(27)

Neglecting the effect of inlet transient process, and perform-
ing inverse Laplace transform, the result can then be trans-
ferred to ODE with respect to time t again

dm
dt

¼ �bm� cþ ðbmin þ cÞ � 1þ B

A
z

� �� b
aB

(28)

This is the approximated analytical solution for 1-D dynamic
reacting gas-flow problem, when the velocity distribution
profile can be approximated linearly.

Application to SOFC

Numerical simulations show that the profile of rref under
the given condition has an exponential like shape,15 so first-
order approximation of the velocity u as shown in Eq. 25,
will lead to large error when z increases. A more accurate
approximation needs to be developed.

Reforming rate and velocity

Assume that the distribution of rref can be approximated by

rref ¼ rin exp � z

n

� �
(29)

We need to find the space constant n.
The reforming reaction rate of Eq. 12 shows that rref is

proportional to p0:85CH4
, and may be approximated by KpCH4

for
the sake of possible analytical solution. Substituting this
approximation into the steady-state equation of continuity,
and rearranging it to the form of mole fraction we get

@

@z
uvCH4

¼ � K

r�C
vCH4

(30)

Obviously, the space constant of vCH4
is

n ¼ r�Cuin

K
(31)

where K ¼ rinref=v
in
CH4

. It equals to the space constant of rref.
So the steady-state velocity can be analytically integrated

from the rref approximation in Eq. 29

u ¼ uin þ 2

r�C
rinn � 1� exp � z

n

� �� �
(32)
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Analytical solution

Therefore, the reacting gas-flow problem in SOFC can be
concluded as

@m
@t

¼ � @

@z
umþ bðzÞ þ c;

u ¼ Aþ B � 1� exp � z

n

� �� �
;

With

B:C: : m ¼ min at z ¼ 0;

I:C: : m ¼ m0 at t ¼ 0;

(33)

Converting the PDE to an ODE by performing Laplace trans-
form in terms of time t

sm� m0 ¼ �u
dm
dz

� m
du

dz
þ bðzÞ þ c (34)

It can be rearranged as

ðuþ szÞ � dm
dz

þ du

dz
þ s

� �
� m� sz � dm

dz
¼ bðzÞ þ cþ m0 (35)

The position z in the axial coordinate is independent of time
t, so sz equals to zero, and the term sz � dmdz can be removed
from the equation. The ODE can then be shown as

a1ðzÞ dm
dz

þ a0ðzÞm ¼ bðzÞ þ cþ m0

with a01(z) 5 a0(z). This equation can be solved through

a1ðzÞm ¼
Z

ðbðzÞ þ cþ m0Þdz

Knowing bðzÞ ¼ n
r�C rref , the solution is

ðuþ szÞm¼ uinmin� umþ n

r�C
rinn � 1� exp � z

n

� �� �
þðcþ m0Þ � z ð36Þ

Performing inverse Laplace transform and rearranging the
equation we get

dm
dt

¼ 1

z
� uinmin� uvþ n

r�C
rinn � 1� exp � z

n

� �� �
þ c � z

� �
(37)

Application

Applying the solution shown by Eq. 37 to the SOFC fuel-
flow, distributed dynamic models of specie mole fractions are:

dvCH4

dt
¼ 1

z � r� �
RTfuel
Pin
fuel

� �ufuelvCH4
þ uinfuelv

in
CH4

n

� rinrefn 1� exp � z

n

� �� �	
ð38Þ

dvH2O

dt
¼ 1

z � r� �
RTfuel
Pin
fuel

� �ufuelvH2O
þ uinfuelv

in
H2O

n

� rinrefn 1� exp � z

n

� �� �
þ ð�rsft � jsH2O

Þz
	

ð39Þ

dvH2

dt
¼ 1

z � r� �
RTfuel
Pin
fuel

� �ufuelvH2
þ uinfuelv

in
H2

n

þ 3rinrefn 1� exp � z

n

� �� �
þ ðrsft � jsH2O

Þz
o

ð40Þ

dvCO
dt

¼ 1

z � r� �
RTfuel
Pin
fuel

� �ufuelvCO þ uinfuelv
in
CO



þ rinrefn 1� exp � z

n

� �� �
� rsft � z

	
ð41Þ

dvCO2

dt
¼ 1

z � r� �
RTfuel
Pin
fuel

�ufuelvCO2
þ uinfuelv

in
CO2

þ rsft � z
n o

(42)

where z is the location.
In solving the fuel temperature model in Eq. 15, assume

that specie gradients are zero; therefore, the term rref DHref

should be removed. Instead, the term that represents the shift-
ing reaction heat rsftDHsft should be considered in the equa-
tion. In addition, the total concentration C, the specific heat
Cp,fuel and the velocity u are also assumed constant since the
effect of their gradients on the temperature is minor. The en-
thalpy of formation is approximated by first-order polynomials
of temperature, in the form of H 5 a 1 b � T.11 So using the
trapezoidal approximation of velocity distribution, the approxi-
mate analytical solution of the fuel temperature is

dTfuel
dt

¼ 1

r�Cp;fuel
� RTfuel
Pin
fuel

�
�
� jsH2

ðaH2
þ bH2

TfuelÞ

� haðTfuel � TcellÞ � jsH2O
ðaH2O þ bH2OTcellÞ þ rsftDHsft

þ jsH2
ðaH2

þ bH2
Tin
fuelÞ þ haðTin

fuel � TcellÞ
h

þ jsH2O
ðaH2O þ bH2OTcellÞ � rsftDHsft�

� exp � 1

r�
� RTfuel
Pin
fuel

� j
s
H2
bH2

þ ha

ufuelvibi
� z

� �	
ð43Þ

The velocity distribution of fuel-flow is given by Eq. 32.
For the cathode-side channel, the linearly approximation

of u is adopted. Applying the solution shown by Eq. 28 to
the cathode side airflow, the distributed dynamic model of
O2 mole fraction is

dvO2

dt
¼ 1

r�2
� RTair
Pb
air

�
�
� ð1� vO2

ÞjsO2
þ ð1� vbO2

ÞjsO2

1� 1

2r�2
� R

Pb
airu

b
air

� ðTb
air þ TairÞjsO2

� z
� ��2

Tair

Tb
air

þTair

)
ð44Þ

where Pb
air 5 Pin

air, u
b
air ¼ r0

r2�r1
uinair, and Tbair 5 Tinjjz50 are air-

flow parameters at the close end of the tube.
The distributed dynamic air temperature model is

dTair
dt

¼ 1

r�2Cp;air
� RTair
Pb
air

� �ðhc þ r1
r2
hcÞTair

�

� ð�hcTcell þ r1
r2
hcTtubeÞ þ

�
ðhc þ r1

r2
hcÞTb

air

þ ð�hcTcell þ r1
r2
hcTtubeÞ

��
1� 1

2r�2
� R

Pb
airu

b
air

: ðTb
air þ TairÞjsO2

� z
��2

Tair

Tb
air

þTair

)
ð45Þ
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The velocity distribution is

uair ¼ ubair �
1

2r�2
� R

Pb
air

ðTb
air þ TairÞ � jsO2

� z (46)

We are also interested in the temperature of airflow inside
the injection tube

dTinj
dt

¼ 2

r0Cp;air
� RTinj
Pin
air

� �htTinj þ htTtube þ ðhtTin
air � htTtubeÞ



� exp � 2

r2
� R

Pin
airu

in
air

� ht
bair

Tinj � ðL� zÞ
� �	

ð47Þ

Steady-state verification

The approximate analytical solution of fuel-gas profiles,
and numerical simulations are compared, as shown in Fig-
ures. 4 and 5, respectively. Lines with a cross mark are
numerically simulated profiles from Eq. 14. Solid lines are
the approximate analytical solution results, directly from Eq.
38, 39, 40, 41, and 42. Simulation shows that the approxi-
mate solution Eq. 37 has good precision for this application.

It also shows in Figure 5 that under same input condition,
the overall trends of the developed model are consistent with
the numerical simulation results in the literature.15 The dif-
ferences is mainly induced by the fuel temperature distribu-
tion. In our model, we considered not only the effect of con-
vection, but also the effect of radiation, the effect of reform-
ing/shifting reaction, and the effect of enthalpy change with
mass exchange. The fuel temperature distribution, is, there-
fore, different than that shown in the literature.15 The equi-
librium of the shifting reaction is consequently different, and
leads to the differences of species distribution profile.

State-Space Model

Assembling dynamic models for each physical variables
previously shown, the dynamic model at any location of the

SOFC stack can be described in the form of a nonlinear
state-space model.

For the SOFC stack we are considering, physical variables
that can be manipulated at the entrance are designated as
inputs. Their perturbations affect the dynamic performance
of the SOFC stack. Intermediate variables are designated as
state variables. The electrical output of the stack is the output
variable, and other interested variables that can be measured
can also be designed as model output. The location z in the
stack and other variables, such as mole fractions in the inlet
flow are considered as parameters.

So the input vector u is defined as

u ¼ I Pin
fuel Tin

fuel uinfuel Pin
air Tin

air uinair
� 
T

(48)

where I is the total external current load demand.
The output vector is

y ¼ Vout Texit
fuel uexitfuel Texit

air uexitair vexitH2
vexitCO vexitO2

h iT
(49)

The state vector is defined as

x ¼ Vct jsH2

_jsH2
jsO2

_jsO2
jsH2O

_jsH2O
ptpbH2

_ptpbH2
ptpbO2

h
_ptpbO2

ptpbH2O
_ptpbH2O

mI Tcell Ttube Tfuel Tair Tinj

vCH4
vH2O

vH2
vCO vCO2

vO2

iT
ð50Þ

where mI is the intermediate variable to approximate the de-
rivative of the current input.10

A second-order process

d2m
dt2

¼ f ðmÞ

can be expressed by two first-order processes

Figure 4. Comparison of numerically simulated and the
approximate analytical solution of reforming
reaction rate and fuel velocity profiles.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 5. Comparison of numerically simulated and the
approximate analytical solution of species
mole fraction profiles.

Parameters: I 5 150A, Pfuel 5 1.036atm, Tfuel 5 923K,
uinfuel 5 0.974m/s. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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dm
dt

¼ _m

d _m
dt

¼ f ðmÞ

Applying this result to models shown by Eqs. 6 and 7, and
combining electrical model Eq. 3, physical models shown by
Eqs. 10, 11, 43, 45, 47, 38, 39, 40, 41, 42, and 44, the state-
space model can be expressed as

States:

_x1 ¼ 1

qRqC
E� 1

qRqC
x1 � 1

qC

u1
2pr3L

_x2 ¼ x3

_x3 ¼ �h1x2 � h2x3 þ h1
1

2F

u1
2pr3L

þ h3
1

Rx17
ð _u2x22 þ u2 _x22Þ

_x4 ¼ x5

_x5 ¼ �o1x4 � o2x5 þ o1
1

4F

u1
2pr3L

þ o3
1

Rx18
ð _u5x25 þ u5 _x25Þ

_x6 ¼ x7

_x7 ¼ �w1x6 � w2x7 þ w1

1

2F

�u1
2pr3L

þ w3

1

Rx17
ð _u2x21 þ u2 _x21Þ

_x8 ¼ x9

_x9 ¼ �h1x8 � h2x9 � h4
Rx15
2F

u1
2pr3L

þ h1u2x22

� 4

la

Rx15
2F

Ku1
2pr3L

� x14

� �

_x10 ¼ x11

_x11 ¼ �o1x10 � o2x11 � o4
Rx15
4F

u1
2pr3L

þ o1u5x25

� 4

lc

Rx15
4F

Ku1
2pr3L

� x14

� �

_x12 ¼ x13

_x13 ¼ �w1x12 � w2x13 � w4

Rx15
2F

�u1
2pr3L

þ w1u2x21

� 4

la

Rx15
2F

�Ku1
2pr3L

þ x14

� �

_x14 ¼ K2 u1
2pr3L

� Kx14

_x15 ¼ 1

r�3

1

qcellCp;cell
x2ðaH2

þ bH2
x17Þ þ r2

r3
x4ðaO2

þ bO2
x18Þ

�

þ x6ðaH2O þ bH2Ox17Þ � x1
u1

2pr3L
� haðx15 � x17Þ

� r2
r3
hcðx15 � x18Þ� r2

r3

r
Rrad

ðx415 � x416Þ � rrefDHref

�

_x16 ¼ 1

r�1

1

qtubeCp;tube
�hcðx16 � x18Þ � r0

r1
htðx16 � x19Þ

�

þ r2
r1

r
Rrad

ðx415 � x416Þ
�

_x17 ¼ 1

r�
1

Cp;fuel

Rx17
u2

�
� x2ðaH2

þ bH2
x17Þ � x6ðaH2O þ bH2Ox17Þ

� haðx17 � x15Þ þ rsftDHsft þ x2ðaH2
þ bH2

u3Þ½
þ haðu3 � x15Þ þ x6ðaH2O þ bH2Ox15Þ � rsftDHsft�

: exp � 1

r�
Rx17
u2

x2bH2
þ ha

ufuel
P24

20 xibi
� z

 !)

_x18 ¼ 1

r�2

1

Cp;air

Rx18
u5

�
� ðhc þ r1

r2
hcÞx18 � ð�hcx15 þ r1

r2
hcx16Þ

þ ðhc þ r1
r2
hcÞx19jx¼0 þ ð�hcx15 þ r1

r2
hcx16Þ

� �
�

1� 1

2r�2

R

u5
r0

r2�r1
u7

x4ðx19jx¼0 þ x18Þ � z
" #�2

x18
x19 jx¼0þx18

9=
;

_x19 ¼ 2

r0

1

Cp;air

Rx19
u5

�
� htx19 þ htx16 þ ðhtu6 � htx16Þ

exp � 2

r2

R

u5u7

ht
bair

x19 � ðL� zÞ
� �	

_x20 ¼ 1

z � r�
Rx17
u2

�ufuelx20 þ u4v
in
CH4

� rinrefn 1� exp � z

n

� �� �� 	

_x21 ¼ 1

z � r�
Rx17
u2

�ufuelx21 þ u4v
in
H2O

� rinrefn 1� exp � z

n

� �� ��

� ðrsft þ x6Þ � z
	

_x22 ¼ 1

z � r�
Rx17
u2

�ufuelx22 þ u4v
in
H2

þ 3rinrefn 1� exp � z

n

� �� ��

þ ðrsft � x2Þ � z
	

_x23 ¼ 1

z � r�
Rx17
u2

�ufuelx23 þ u4v
in
CO þ rinrefn 1� expð� z

n
Þ

� ��

�rsft � z
	

_x24 ¼ 1

z � r�
Rx17
u2

�ufuelx24 þ u4v
in
CO2

þ rsft � z
n o

_x25 ¼ 1

r�2

Rx18
u5

�
� ð1� x25Þx4 þ ð1� vinO2

Þx4

: 1� 1

2r�2

R

u5
r0

r2�r1
u7

ðx19jz¼0 þ x18Þx4 � z
" #�2

x18
x19 jz¼0þx18

9=
;

Outputs :

y1 ¼ 1

2
ðx1jz¼0 þ x1jz¼LÞ � qRo

lRo

u1
2pr3L
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y2 ¼ x17jz¼L

y3 ¼ u4 þ 2vinCH4
u4 1� exp �Rx17jz¼L

r�u2

rinref
u4vinCH4

� L
 !" #

y4 ¼ x18jz¼L

y5 ¼ r0
r2 � r1

u7 � 1

2r�2

R

u5
ðx19jz¼0 þ x18jz¼LÞx4jz¼L � L

y6 ¼ x22jz¼L

y7 ¼ x23jz¼L

y8 ¼ x25jz¼L

Where:

E ¼ 1:273� 2:7645 3 10�4x15 þ Rx15
2F

ln
x8x

1=2
10

x12

 !

� Rx15
F

sinh�1

u1
2pr3L

7 3 109ðx8x12Þ expð� Eact;a

Rx15
Þ

 !

� Rx15
F

sinh�1

u1
2pr3L

7 3 109ðx10Þ0:25 expð� Eact;c

Rx15
Þ

 !

ufuel ¼ u4 þ 2vinCH4
u4 1� exp �Rx17

r�u2

rinref
u4vinCH4

� L
 !" #

n ¼ r�u2
Rx17

u4v
in
CH4

rref ¼ Krðu2x20Þaðu2x21Þb exp � Er

Rx17

� �

Figure 6. Vct profile and step response, when I step
changes from 100 to 150 Amp at 100 s.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 7. Profiles and step responses of temperatures, when I step changes from 100 to 150 Amp at 100 s.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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rinref ¼ Krðu2vinCH4
Þaðu2vinH2O

Þb exp � Er

Ru3

� �

rsft ¼ Ksu
2
2 x23x21 exp

4276

x17
� 3961

� �
� x22x24

� �

or, in a compact form

_x ¼ f ðx; u; zÞ
y ¼ gðx; u; zÞ (51)

Simulations

A Simulink model of the tubular SOFC with an analytical
solution for the 1-D dynamic reacting gas-flow problem, has
been developed according to the state-space equations.
Dynamic behaviors and parameter distributions of SOFC
were simulated through the model. The SOFC model param-
eters are listed in Table A2. Gas-phase parameters can be
found in Qi et al.11 Default input conditions for simulation
are shown in Table A1. Perturbations of input variables are
relative to these default settings.

Step responses due to current demand changes

Step response tests can effectively reveal process dynamic
parameters, such as time constant, gain, time delay, etc. Step
responses and distributed profiles of voltage, temperatures, and
species mole fractions, etc., due to the step change in current
demand I are shown in Figures. 6, 7, and 8, respectively.

When external load current demand I was stepped up, dif-
fusion processes and the intrinsic impedance prevented the
immediate jump of voltage, and the time constant of the con-
sequent dynamic response is around 0.2 s.

Because more current was consumed by the inherent re-
sistance, the cell, is, therefore, heated and its temperature is
increased gradually as shown by Figure 7. The response time

constant is around 500 s due to its large heat capacity and
the turn-around-air-flow-route design. The behavior of cell
temperature consequently dominates behavior of other tem-
peratures.

Step change of current I changes the secondary reactant
fluxes jsH2

, jsH2O
, and jsO2

. They consequently affect composi-
tion distributions, as shown by Figure 8. Obviously, their
responses are dominated by the response of cell temperature.

Because air input rate is very high, the decrease of oxygen
mole fraction due to the electrochemical reaction is minor.
The profile is almost a flat line. So the cathode-side oxygen
step response and profile are not shown in the figures.

Effect of fuel inlet

When fuel inlet pressure Pin
fuel was stepped up, concentra-

tion of CH4 increased immediately. So the reforming reaction
rate increased. More H2 was produced, and that changed the
voltage response and composition distributions. The voltage
Vct then increased, and the step response is shown in Figure
9. Due to the faster reforming reaction, more heat was
absorbed from the cell tube and its temperature dropped,
shown in Figure 10.

When fuel inlet temperature Tinfuel was stepped up, the
reforming reaction rate increased, and H2 was produced
faster. The voltage Vct then increased as shown in Figure 11.
Also, due to the temperature increase, the equilibrium of the
shifting reaction moved, leading to significant composition
profile change, as shown in Figure 12.

Step change of fuel inlet velocity uinfuel changed the heat-trans-
fer coefficient ha. So heat was transferred from the cell to fuel.
Therefore, it affected temperatures as shown in Figure 13. The
change of velocity directly affected species distribution profiles.

Effect of air inlet

The step change of the air pressure affects the oxygen con-
centration, and then the voltage. Its effect on temperatures
and compositions are, however, not so significant. The air
inlet temperature step change affected the heating conditions
of the SOFC from cathode side, and then the temperature
profile as shown in Figure 14. Air inlet velocity also affected

Figure 9. Vct profile and step response, when Pin
fuel step

changes from 1 to 2 atm at 100 s.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 8. Profiles and step responses of species frac-
tions, when I step changes from 100 to 150
Amp at 100 s.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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the temperature profile. However they did not directly affect
the anode side parameters, and the effects were minor.

Conclusions

An 1-D dynamic model for a tubular solid oxide fuel cell
(SOFC) stack has been developed. Distributed dynamic rela-
tions of current density and electromotive force (EMF) have
been developed. Dynamics of solid-phases non flowing pa-

rameters has been investigated. Distributed dynamics of flow-
ing phases, such as fuel-and airflow has been addressed by
simultaneously considering diffusion, inherent impedance,
primary flow, heat transfer, and internal reforming/shifting
reactions. They are modeled in the form of partial differential
equations (PDEs).

An approximated analytical solution for 1-D dynamic
reacting gas-flow problem has been proposed. It has been
applied to the 1-D SOFC model, and analytically solved ve-
locity, mole fraction and temperature distributions for pri-
mary flows. PDEs in the 1-D dynamic model are then con-
verted to ordinary differential equations (ODEs). Combined
with the dynamic models for nonflowing parameters, the 1-D
dynamic model for the tubular SOFC has been presented in
the form of nonlinear state-space equations.

Dynamic performances and parameter distributions have
been investigated through simulated step responses of the
SOFC stack to changes of external current demand, and fuel
and air input parameters, respectively. They are investigated
along the whole length of the tube, and the results are pre-
sented.
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Notation

Cct5 charge transfer capacity, F
Cp5 specific heat at constant pressure, J mol21 K21

Figure 11. Vct profile and step response, when Tin
fuel

step changes from 823 to 923 K at 100 s.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 10. Profiles and step responses of temperatures, when Pin
fuel step changes from 1 to 2 atm at 100 s.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Figure 12. Profiles and step responses of species fractions, when Tin
fuel step changes from 823 to 923 K at 100 s.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Figure 13. Profiles and step responses of temperatures, when uin
fuel step changes from 0.927 to 1.927 m/s at 100 s.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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D5diffusion coefficient, m2 s21

E5 electromotive force, V
Ee5 electrical power, J
Er5 activation energy of reforming reaction, J mol21

F5Faraday’s constant, = 96487 C mol21

h5 convection heat-transfer coefficient, W m2 K21

H5 enthalpy of formation, J mol21

DH5 reaction heat, J mol21

i5 current density, A m22

js5mass flux flowing into the surface of cell, lmol s21 m22

K5 reaction rate coefficient
l5 thickness, m
L5 length of cell tube, m
M5mole mass, g mol21

p5partial pressure, atm
P5 total pressure, atm
q5heat flux, J s21 m22

r5 radius of SOFC tube components, m
rref5 reforming reaction rate, mol s21 m22

rsft5 shifting reaction rate, mol s21 m22

R5gas constant, = 82.05 3 1025 J mol21 K21

Ro5ohmic resistance, X
Rct5 charge transfer resistance, X
Rrad5 radiation heat-transfer resistance

s5Laplace factor
T5 temperature, K
u5flow velocity, m s21

Vout5 fuel cell voltage out, V

Greek letters

l5viscosity
q5density

qRct5 specific resistance of charge transfer resistance X m21

qCct5 specific capacitance of charge
transfer capacitance, F m2

qRo5 specific resistance of pure Ohmic resistance, X m21

r5Stefan-Boltzmann constant, = 5.6697 3 1028 W m22 K24

v5mole fraction
n5 space constant

Superscripts

in5 inlet
out5outlet

Subscripts

05 inner surface of injection tube
15outer surface of injection tube
25 inner surface of cell tube
35outer surface of cell tube
a5 anode side
c5 cathode side

cell5 cell tube
conv5 convection
cond5 conduction
eq5 equilibrium
f5fluid
i5 fuel ingredients
j5 air ingredients

rad5 radiation
ref5 reforming reaction
sft5 shifting reaction
t5 inside injection tube
w5wall
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Appendix

Input conditions of simulation are shown in Table A1.
Other parameters of SOFC are shown in Table A2.

Table A1. Simulation Input Conditions

Symbol Description Source

I 5 200 Amp External load current demand

Pin
fuel 5 1 atm Fuel inlet pressure 15

Tinfuel 5 823 K Fuel inlet temperature 15

uinfuel 5 0.927 m/s Fuel inlet velocity 15

Pin
air 5 1atm Air inlet pressure 15

Tinair 5 1104 K Air inlet temperature 15

uinair 5 12.08 m/s Air inlet velocity 15

vinCH4
5 0.173 Inlet mole fraction of CH4 15

vinH2O
5 0.284 Inlet mole fraction of H2O 15

vinH2O
5 0.258 Inlet mole fraction of H2 15

vinCO 5 0.057 Inlet mole fraction of CO 15

vinCO2
5 0.228 Inlet mole fraction of CO2 15

vinO2
5 0.21 Inlet mole fraction of O2
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Symbol Description Source

Geometry parameters
r3 5 11 3 1023 m Radius of outer cell

tube
15

r2 5 8.66 3 1023 m Radius of inner cell
tube

15

r1 5 6 3 1023 m Radius of outer
Injection tube

15

r0 5 5 3 1023 m Radius of inner
injection tube

15

la 5 0.1 3 1023 m Thickness of anode 15
lc 5 2.21 3 1023 m Thickness of cathode 15
le 5 0.04 31023 m Thickness of

electrolyte
15

Fc-t 5 0.69 View factor: cell to
injection tube

16

Properties of solid materials
qcell 5 4592 kg/m3 Entire density of

SOFC cell
17

Cp,cell 5 740 J/(kgK) Entire specific heat
of SOFC cell

17

kcell 5 2.0 W/(mK) Entire conductivity of
anode

15

ecell 5 0.9 Emissivity of cell
inner surface

17

qa ¼ 2:98 3 10�5�
expð� 1392

Tcell
Þ Xm

Specific resistivity of
anode

18

qe ¼ 2:94 3 10�5�
expð10350

Tcell
Þ Xm

Specific resistivity of
electrolyte

18

Symbol Description Source

qc ¼ 8:11 3 10�5�

exp
600

Tcell

� �
Xm

Specific resistivity of
cathode

18

qtube 5 3900 kg/m3 Density of injection
tube

17

Cp,tube 5 976.8 1 0.2409T
J/(kgK)

Specific heat of
injection tube

17

ktube 5 31.86 2 0.03706T
1 1.317 3 1025T2 W/(mK)

Conductivity of
injection tube

17

ecell 5 0.4 Emissivity of cell
inner surface

17

Reforming and shifting
Kr 5 8542 Reforming reaction

rate coefficient
12

Ks 5 100 Shift reaction rate
coefficient

Er 5 95 KJ/mol Activation of
reforming reaction

12

a 5 0.85 order coefficient of
reforming

12

b 5 20.35 order coefficient of
reforming

12
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Table A2. Model Parameters
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